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ABSTRACT

In this paper the following two questions are studied: (1) When does an ideal I
have the property that whenever A is a family of « sets there is a o-ideal which
extends I and measures each element of A? (2) When does an ideal I have the
property that when A is a family of « sets there is a o-ideal which extends I and
measures at least A elements of A?

The above questions are surprisingly ubiquitous in combinatorial set theory:
polarized and other partition relations, saturation of ideals, Silver’s principles,
character of ultrafilters, HFDs, independent sets are all intrinsically related to
extendibility. The methods used in solving these questions are just as diverse:
the core model, preservation of linguistic and other aspects of weak compactness
under various forcing extensions, ZFC combinatorics, huge cardinals, Sacks,
Mathias and other reals and more.

We have restricted this paper in several ways: We have examined only “first
order” and “‘second order” extendibility. Perhaps “third order” extendibility is
even more interesting. We have also emphasized the relative consistency of
extendibility with possible cardinal arithmetic. Perhaps there are interesting
implications betweeen extendibilities and other axioms. The topics we have
selected are only a basic framework for examining extendibility properties.

Some definitions will help to simplify the rest of the discussion. If I is an ideal
on X then I measures A if and only if A is a subset of X and either A €I or
X\A € I The ideal I is k-extendible if and only if whenever A € [?(X)]" there
is a o-ideal (i.e. a countably complete ideal) extending I which measures each
element of A. The ideal I is (k,A)-extendible if and only if whenever A €
[?(X)]" there is A €[A]" and there is a o-ideal extending I which measures
each element of A.
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The questions examined in this paper can now be posed as follows:
(1) When is an ideal «-extendible?
(2) When is an ideal (k, A )-extendible?

Part One: When is an ideal k-extendible?

A definition simplifies the statement of the answer: I is k-completable if there
is a k-complete ideal on X which contains I. We shall show that the extendibility
of an ideal is, in general, determined by its completability.

First, we give a sufficient condition for «-extendibility.

LemMMa 1. If I is (k”) -completable then I is k-extendible.

PrOOF. Assume, without loss of generality, that I is (x“)"-complete. Let
{A,:u <k} be a family of subsets of X. For each g <k, let Ay = A, and
A,=X-A, Let

N=uU{n{A™:peL}:LE€[x]™andf: L —>2and N{A*:p EL}EI}.

There are at most «“ possible countable subsets L of «, and for each L at most
2¢ possible f: L —2. Thus N is the union of a family of k* elements of I Since I
is (k“)-complete, N is in the ideal and thus X — N is nonempty. Choose
a € X — N and define g:k—2 as follows: g(u) =0 if and only if « & A,.. Note
that a & A" for each u < k.

It will now be shown that the countable completion of T U{A%*): u < «}
exists. Since I is countably complete it suffices to show that B U
(U{A4®: y € LY) # X whenever L € [«]™ and B € I Suppose, otherwise, that
X-U{As®:p e LYELIf f:L—2isdefined by f(n)= g(p)+ 1(mod 2) then
N{A™:peL}el and so N{A™:u €L}CN. This implies that « EN
which contradicts the choice of a. The lemma is proved.

Second, we show that the sufficient condition of Lemma 1 is necessary for
“small” cardinals.

The definition of a E-cardinal, a pathological large cardinal, facilitates the
description of the cardinals for which the sufficient condition of Lemma 1 may
not be a necessary condition.

Kk is a E-cardinal whenever:

(1) « is a regular limit cardinal greater than the continuum,

(2) k is a weakly compact cardinal in L,

(3) « cannot be obtained by nontrivial cardinal exponentiation (that is, there
do not exist a, B < k such that k = a®),

(4) x is not inaccessible.
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A E-cardinal has the same consistency strength as the existence of a weakly
compact cardinal.

LEMMA 2. If I is k-extendible then I is (x“) -completable unless « is greater
than or equal to either a weakly compact cardinal or a E-cardinal.

PrOOF. Suppose [ fails to be (k“) -completable. We construct a tree of
height . Each node consists of an ordered pair. The first coordinate is an
indexed partition of X. The cardinality of the first coordinate therefore equals
the cardinality of the index set. This allows the partitions to contain the empty
set. The second coordinate is a family of at most x subsets of X. The first
coordinate of the unique node at level 0 is a partition of X into {A,:f € “k}
where each A; is in I The second coordinate of the node at level 0 is
{U{A;:f(n)=pu}:n € w,u € k}, a family of at most k subsets of X. There are
countably many nodes at level 1. The first coordinate of the nth node at level 1 is
{U{A,:f(n)=p}:p <k}, a partition of X. The tree is defined by induction. If
the first coordinate of a node has been defined, we define its second coordinate
and the first coordinate of its successors (if there are any). The induction step at a
node depends on the cardinality v of the first coordinate of the node.

The induction begins at level 1 and the first coordinate of each node, except
the node at level 0, has cardinality at most «.

There are five possibilities for v =< «:

(1) v is a successor cardinal,

(2) v is a singular cardinal,

(3) there are a,B < v such that v = a® and either 8 = w or a® =,

(4) there is a v-Aronszajn tree,

B)v=uw.

A v =k may have more than one possibility. It does not matter which set of
instructions are applied.

For the first four cases, a set-theoretic object is needed:

(1) an Ulam matrix,

(2) a singular chain,

(3) a Cantor tree,

(4) an Aronszajn tree.

Let the first coordinate of a node be {B. :a < v}, a partition of X.

Case 1. Let v =p". Construct an Ulam matrix {u,, :d < v,7 < p} of subsets
of v such that {u,, : ¢ < v} is a disjoint family for each 7 < p and {u,, : 7 < p}isa
partition of v — & for each o <. Let the second coordinate of the node be
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{U{B.:a € u,.}:0 < v,1<p}, a family of cardinality v = «. The node has »
successors. The oth successor, where o < v, has first coordinate

{U{B.:a €Eu,}:7<p}U{B,:a <a},

a partition of X of cardinality p+|o|=p <w.

Case 2. Let cf(v)=p. Construct a partition {u,:0 <p} of v such that
|u, | < v for each o < p. Let the second coordinate of the node be {U{B, :a €
u,}: o < p}, a family of cardinality p = v = «. The node has a successor for each
o = p. The oth successor, where o < p, has first coordinate

{B,:a Eu,} U{U{B. :a & u,}},

a partition of X of cardinality |u, | < ». The pth successor has first coordinate
{U{B.:a Eu,}:a <p} a partition of X of cardinality p < v.

Case 3. Let a and B be less than v such that » =< «® and let 7: v— 8, be an
injection. Let the second coordinate of the node be

{U{B;:m(&)(o)=1}:0<B,7<al,

a family of cardinality & + B8 < v = «. If B8 is uncountable then the node has a
successor for each f: B — a. There are a” such successors and a® = k. If f €«
then the successor corresponding to f has first coordinate

{U{B::m(§)lo = flo and w(£)(a) # f(o)}: 0 < BYU{B:: w(§) = f}.

The node also has a successor for each o < B. The oth successor, where o < 8,
has first coordinate {U {B;: w(¢)(0)=1}:7 <a}.

Case 4. Let (T,<)be a tree of height v all of whose levels and branches have
cardinality less than » and let 7 : v— T be a bijection. Let the second coordinate
of the node be {U{B. :t<w(a)}:t € T}. The node has v successors. The Bth
successor, for B < v, has first coordinate

{U{B. :tam(a)}:level(t) = B} U{B, :level (w(a)) = B},
a partition of X of cardinality less than ».

Case 5. Let the second coordinate of the node be the empty set. The node
has no successors.

The cardinality of the first coordinate decreases as one moves up a branch in
the tree and so there are no infinite branches. The tree is at most «-branching
and so it has most k nodes. The cardinality of each second coordinate is at most
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k. Let U be the union of the second coordinates of nodes in the tree. U is a
family (of cardinality at most x) of subsets of X. By way of contradiction,
suppose J is a o-ideal which contains I and measures each element of U.

To facilitate the exposition, let a small subset of X be a subset of X which is in
J.

We construct a branch of the tree by induction on level. This branch has the
property that each node of the branch has a first coordinate which is a partition
of X into small subsets of X.

The node at level 0 has this property. It will be shown that each node with a
successor has a successor with this property.

Case 1. Foreach o < v and 7 < p the ideal J measures U{B, :a € u,.}. We
show that there exists o< v such that {U{B,:a € u,,.}:7 <p} is a family of
small sets. Otherwise, for each o <wv, there is a 7(oc)<p such that
U{B, : @ € Ugr)} & J. There must be o, < v and o, < v such that 7(o) = 7(02).
But u,,., is disjoint from u,,,, and so U{B, @ € Us,:,} and U{B.:a €
U0y are disjoint elements with small complement which is a contradiction.
Now the ooth successor has the desired property because its first coordinate is

{U{B,:a@ € Uy, }:7<p}U{B.:a < ago}.

But {B, :a < 0o} C{B, :a < v} and {B, : a € v}is a partition of X into small sets
by the induction hypothesis. Thus each element of the first coordinate of the aoth
successor is small as required.

Case 2. For each o < p the ideal J measures U {B. :a € u,}. Suppose that
there exists a o < p such that U{B, :a € u,} £ J. To see that the oth successor
has the property note that the first coordinate of the oth successor is

{B.:a €u,} U{U{B.:a& u,}}.

However {B, :a € u,} is contained in {B, : @ < v} which is a partition of X into
small sets, by the induction hypothesis.

Since U{B.:aZ u,} = X — U{B, :a € u,} and the set on the right is small by
the hypothesis on J it follows that each element of the first coordinate of the a'th
successor is small. If there does not exist o < p such that U{B,:a € u,} & J,
then, for each o <p, U{B, :a € u,} is small. The first coordinate of the pth
successor consists of these sets and so each element of the first coordinate of the
pth successor is small.

Case 3. For each o < B, the ideal J measures U {B; : w(£)(o) = 7}. Define
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f:B—a as follows: f(o)= 1 if and only if U{B,:#w(£)(c)=7}&J for each
o <B. This definition is possible unless there is o < such that
U{B;: m(£)(o) =1} is small for each 7 <a and so each element of the first
coordinate of the o th successor is small as required. If 8 is uncountable, then we
shall show that the successor has the property. The first coordinate of the fth
successor is

{U{Be:m(&)lo = floand w(§)(a) # f(o):0 <B}U U{B;:m(§)=f}.

Let o <B. Then U{B;:w(¢)lo =flo and (w)(€)o# f(o)} is contained in
U{B::m(&)a)#f(o)). If f()=1 then U{B,:m(¢)(c)=1}&J and hence
U{B::w(€)(0) # 7} is small. Also B,-i;, belongs to {B,:£ < v} which is a
partition of X into small sets by the induction hypothesis. Hence each element of
the first coordinate of the fth successor is small as required. If 8 is countable,
then {B;: w(£) = fYU{U{B;: m(¢)(d) # f(a)}: o0 < B} is a countable partition
of X into small sets and this is a contradiction.

Case 4. Now {B, :t<d7(a)} is measured by J for each t € T. Suppose that
{U{B, :t<dm(a)}:level (t) = B} consists of small sets for some B < ». To see that
the Bth successor has the desired property, note that Bth successor has first
coordinate

{U{B. :t<am(a)}:level (1) = B U{B, :level (w(a)) = B}.

But {B, :level(m(a))= B} C{B.:a < v}, and {B, :a € v}is a partition of X into
small sets by the induction hypothesis, If, then, for each 8 < v, there is a #; at
level B such that

U{B. :ts<<m(a}} € J, foreach 8 < v,

{U{B, :t<dw(a)}:level (1) = B} does not consist of small sets.

It will be shown if 8, < B,< v then t,<Its,. Suppose not. Then 5 has some
predecessor t* at level B,. Clearly U{B, :t*<m(a)}D U{B.  ts<m(a)} & J. If
t* and 5, are distinct, then U{B, :t*<sr(a)} and U{B, : 1, <7 (a)} are disjoint
elements with small complements and that is the contradiction which proves the
claim. Hence {t;: 8 < v} is a branch in T of length » which contradicts the
definition of T. ’

We have examined the first four cases and so we have constructed a branch in
the tree of height . This branch has the property that the first coordinate of
each of its nodes is a partition of X into small subsets of X. There are no infinite
branches in the tree and so there is a highest node. By the construction of the
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tree, either this node invoked case 5 or there is a cardinal less than x to which
none of the five possibilities apply. If the former is true, then the first coordinate
of this node is a countable partition of X into small subsets of X contradicting
the countable completeness of J. If the latter is true, then this cardinal is either a
E-cardinal or a weakly compact cardinal and the lemma is proved. If V = L and
Kk is any regular cardinal, then there is a k-Aronszajn tree unless « is weakly
compact. This implies that, if « is regular, then there is a x-Aronszajn tree
unless « is weakly compact in an inner model.

Third, we show that, if « is equal to a weakly compact cardinal, the sufficient
condition of Lemma 1 can be improved.

LeMMA 3. If I is k-completable and « is weakly compact, then I is k-
extendible.

PrOOF. Lemma 2.4 of [9] shows this lemma when the cardinality of X is «,
but, in that proof, this assumption is not necessary.

Fourth, we show that, unless there is a measurable cardinal in an inner model,
the sufficient condition of Lemma 3 cannot be improved.

LeEmMA 4. If I is x-extendible and there are no measurable cardinals in an
inner model, then I is «-completable.

To facilitate the proof of Lemma 4, we state and prove a preliminary lemma:

LEMMA 5. If there is a «*-extendible ideal on «, then there is a measurable
cardinal in an inner model.

PrOOF. Let K be the core model of Dodd and Jensen [6]. K is a model of the
generalized continuum hypothesis, and so | P* (k)| = () = k", If F is the dual
of the x "-extendible ideal on « of the hypothesis of the lemma, let G O F be a
countably complete filter of k which measures each of the subsets of x which are
elements of K. Let M be the ultrapower (K*)*/G (thus elements of M are
equivalence classes of functions f: x — K such that f € K). There is an elemen-
tary embedding j : K— M since the fundamental theorem of ultraproducts holds
for M. Since G is countably complete, M is well-founded and so there is an an
isomorphism 7 : M— N where N is a transitive class. Then 7 ¢ is an elementary
embedding of K into a transitive class. By results of Dodd and Jensen, any
elementary embedding of K into a transitive class is an elementary embedding
of K into K, the covering lemma must fail for K and there must be a measurable
cardinal in an inner model.
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PROOF OF LEMMA 4. Suppose [ is k-extendible but fails to be k-completable.
I must fail to be u*-completable for some cardinal u <«. I is, however,
u*-extendible. Thus we can assume without loss of generality that « is a
successor cardinal . I fails to be u”"-completable and so there is a partition of
the base set X into u sets {A, }.<, each of whichisin I. Let 7 : X — u be defined
by m(x)=a if and only if x € A,. {X —7"(A): X — A €I} is a u"-extendible
ideal on p and, by Lemma 5, we are done.

Fifth, we use Lemma 4 to improve Lemma 2 under the assumption that there
are no measurable cardinals in an inner model.

LemMa 6. If I is k-extendible and there are no measurable cardinals in an
inner model then I is (k“) -completable unless x is equal to either a weakly
compact cardinal or a E-cardinal.

PrOOF. Construct a tree of height three by taking the first three levels of the
tree of height w constructed in the proof of Lemma 2 and changing the second
coordinate of the nodes of the third level. This is possible since the first inductive
stage of the construction of the tree in the proof of Lemma 2 is possible unless «
is equal to a weakly compact cardinal or a E-cardinal. The first coordinate of
each node of the third level is a partition {A.}a<, of the base set where p <«.
Let the second coordinate of this node be {U{A,:a € X}: X Cp and X € K}
where K is the core model. This set has cardinality 2*) =(u")* =p "=« as
required. As in the proof of Lemma 2, let J be a countably complete ideal which
measures each element of the second coordinate of each node of the tree. As
before, there must be a node of the third level whose first coordinate is a
partition of the base set into small sets. Identifying these sets with points as in the
proof of Lemma 4, we obtain a countably complete ideal which measures each
subset of p which is in K, and as in the proof of Lemma 5, there must be a
measurable cardinal in an inner model.

Tueorem 1. [ is k-extendible if and only if I is (k) -completable unless « is
greater than or equal to either a weakly compact cardinal or a E-cardinal.

Proor. Lemma 1 and Lemma 2.

COROLLARY. [ is w-extendible if and only if I is (2™) -completable.

THEOREM 2. If there are no measurable cardinals in an inner model and I is
w-extendible, and « is not a S-cardinal, then I is k-extendible if and only if
(@) I is k-completable (x weakly compact),
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(b) I is k*-completable (x successor or k singular of uncountable cofinality or
regular limit but not weakly compact in L or « can be obtained by nontrivial
cardinal exponentiation or k inaccessible but not weakly compact),

(¢) I is k" -completable (x singular of countable cofinality).

PrROOF. (a) is shown by Lemma 2.

By Lemma 6 and Lemma 1, under the hypothesis of this theorem, and when «
is not weakly compact, I is k-extendible if and only if I is (x“)"-completable. If
there are no measurable cardinals in an inner model, the singular cardinals
hypothesis holds and the cardinal arithmetic simplifies so that if x has uncounta-
ble cofinality (x“)"=(2“)"-«x" and if x has countable cofinality (x“)" =
(2)"-«"". By Theorem 1, if I is w-extendible then I is (2*)"-completable and so
the additional assumptions of (b) and (c) are sufficient (and necessary).

E-cardinals have the consistency strength of weakly compact cardinals and
assuming a slightly greater consistency strength S-cardinals can behave like
weakly compact cardinals with respect to completability of ideals:

THEOREM 3. Let k be a E-cardinal and assume that there are no measurable
cardinals in an inner model.

(a) k *-completable implies k-extendible implies «-completable.

(b) The existence of a «-extendible ideal which is not k*-completable is
consistent with the axioms of set theory relative to the consistency of the existence of
an ineffable cardinal.

PrROOF. (a) By Lemma 1 and Lemma 4 (« is greater than the continuum).

(b) By 2.1.3 of [4], if « is an ineffable cardinal, then adding k Cohen subsets of
w, yields a model of set theory where:

(1) « is a E-cardinal,

(2)if % is a subset of L.. of cardinality « which has no model, then there is a 3/
of cardinality less than « contained in X which has no model.

To see [k]™ is k-extendible let {A, : @ < k} be subsets of «. Let I be a unary
predicate. Let 3 be the set of sentences which state that, for each a < k, A, € I
or k — A, € I and that I is a k-complete ideal which contains [« ]™*. Each subset
of X of cardinality less than « has a model since, by Lemma 1, [«]** is
A-extendible for each A < «. By (2), 2 has a model and the claim is proved.

A natural question is:

QuestioN 1. Does the consistency of the existence of an ineffable cardinal
imply the consistency of the existence of a cardinal x which is not weakly
compact such that each k-completable ideal is «-extendible?
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QuesTION 2. Does the consistency of the existence of a weakly compact
cardinal imply the consistency of the existence of a cardinal x which is not
weakly compact and a k-extendible ideal which is not x “-completable?

If there are measurables in an inner mode! then extendibility can exceed
completability: if « is measurable, then there is a « “-extendible ideal which is
not «"-completable; if « is compact, then each k-completable ideal is k-
extendible.

Boban Velitkovi¢ has shown that these situations can occur even when « is
not measurable or k is not compact (of course k is measurable in an inner
model).

ProposiTiON 1. If it is consistent that there is a supercompact cardinal, then it is
consistent that there is a cardinal k which is not measurable and a «-completable
ideal on « which is k"-extendible.

Proor. (supplied by John Merrill). Let « be « -supercompact. Use a
reverse Easton forcing extension (i.e. an iteration) to add o™ Cohen subsets of «
to each strongly inaccessible a = k. Let this partial order be P. Let j: V— { be
the ultrapower embedding and let j(P)=P# Q. The least inaccessible in
greater than « is greater than « " (since /( is closed under «* sequences) and so
Q is k" -closed. j can be extended to an elementary embedding j: V*— #'®
(this is non-trivial: see p. 86 of [16]). Define an unltrafilter U on « in V'® by
A€EU iff Kk €j(A) U is well-defined since A Cx and A € V'® implies
A € VP (Q is k"-closed). U is a k-complete ultrafilter on « by elementarity
because j is the identity on cardinals less than . This shows that « is measurable
in V/®. By 3|-reflection (see lemma 4 of [11]) and the « *-closure of Q, « is also
measurable in V*. Let R be the partial order adding « “*-Cohen subsets of «. In
VP®, k is not measurable (since GCH holds at each inaccessible below k but not
at x) but [x]™* is x "-extendible. To see this, let {A, :a € K"} € V7' be subsets
of «. There is a S CR which adds «™ Cohen subsets of « such that {A,:a €
k"Y€ V™° The fact that P+ S is isomorphic to P implies that « is measurable in

V™% and so [«k]"" can be extended to a k-complete ultrafilter which measures
{A.:a Ex™)

QUESTION 3. Does the consistency of the existence of a measurable cardinal
imply the consistency of the existence of a cardinal x which is not measurable
such that [«]™ is x "-extendible?

ProrosiTION 2 (Velickovic). If it is consistent that there is a supercompact
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cardinal, then it is consistent that there is a cardinal k which is not compact such
that each «-completable ideal is k" -extendible.

PrOOF (supplied by John Merrill). Let « be a k-directed closed indestructi-
ble supercompact (see [15]). Let P={E €[« ""|**": E consists of ordinals of
countable cofinality and is nonstationary in each initial segment} ordered by
end-extension. Let $ be the union of the generic filter of P. In V", let
O ={X€E[x"] : X is closed and X N S =} ordered by end-extension. Let
D ={(E,X):sup E = max X}. We claim that D is a x-directed closed dense
subset of P+ Q. To see that D is x-directed closed, note that directed subsets of
D are well-ordered and

(U{E,:a € k},(U{X,:a Ex})U{sup O{X,,Z(IEK}})

is a condition whenever {(E,, X,) = a € k} are conditions (U{E, :a € k}
cannot be stationary in its supremum since U {X, : @ € «} is closed unbounded
in that ordinal). We claim that in V*, « is not compact (because «** has an
E-set: see [9] page 122) but that any kx-complete ideal on x is x *-extendible. To
see this, let I € V¥ be a x-complete ideal on A and let {A, : @ € k*} be subsets
of A. Work in V¢ to geta f: k" —2 such that [ U{A/™: o« € «*} generates a
k-complete ideal. Q is « " *-distributive so f € VF. TU{A’™: a € x '} must also
generate a k-complete ideal in V",

Part Two: When is an ideal (x, A )-extendible?
Section One: General results

This is a complicated question and so, to get a perspective, we shall emphasize
the ideals [p]™"

First, we present some monotonicity results.

LEmMA 7. If F is (x,A)-extendible, then F’ is (x’,A’)-extendible whenever
kK'zZzk, A'sA, FFCF

Lemma 8. If [u]™" is (k,A)-extendible, then [uw']"" is (k,A)-extendible
whenever u'=Z u, v' = v

Second, we shall demarcate the parameters.

LEMMA 9. If F is A-extendible, then F is (A, A)-extendible.
LemMa 10. If v = (2*)", then [u]™" is (v, v)-extendible.

Third, we shall prove a lemma which shows that the question of whether [ ]~"
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is (x, w)-extendible is equivalent to a problem in polarized partition relations
[20].

LemMa 11. ()= (). implies {n]™" is (k, A )-extendible and the converse holds
when A = w.

PrROOF. Let {A,:£ €k} be subsets of u. Let A Cx X u be defined by
(¢(,a@) € A if and only if @ € A,. The polarized partition relation can now be used
to find X € [«]* and Y € [u]" such thateither X X YCA or (XX Y)NA =0
In the first case, N{A,: £ € X} 3 Y and hence {i — A, : £ € X} can be extended
to a o-ideal which extends [u]™. If (X X Y)N A =, then {A, : £ € X} can be
extended to such an indeal.

The second statement follows from the fact that if A C«x X u then extendibil-
ity can be applied to {A;: £ € x} where A; ={a Ep :({a)E A}. Now (k,w)-
extendibility yields X € [«]” such that either the set of sets indexed by X
or the set of the complements can be extended to a o-ideal. Either
X X(N{A: € E€ XPor X X (N{u — A : € € X}) will satisfy the polarized parti-
tion relation.

Fourth, we shall prove a lemma which shows that a saturation property of
Laver [13] implies extendibility.

LeEMMA 12. (k,A,w)-saturated ideals are (k,A)-extendible.

PrROOF. Suppose that I is an ideal on p and that [ is (k, A, w)-saturated. Let
{A;: ¢ € «} be subsets of u. If A of these sets belong to I then we are done, so we
may assume that none of these sets A, belong to I. An application of the
saturation property yields the result.

Section Two: [w,]™

With these lemmata, we begin with an analysis of the specific question: When
is [w:]™ (k, A )-extendible?

There is the strongest possible negative consistency result:

THEOREM 4 (Hajnal, Juhasz). It is consistent with any cardinal arithmetic that
[w]7 is not (2“1, w)-extendible.

By Lemma 10, this is the best possible result. It was obtained by Hajnal and
Juhasz [8] who showed more: that it is consistent with any cardinal arithmetic
that [2°]™* is not (2“1, w)-extendible.

Prikry and Devlin later obtained the same result in L [17]:
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THeOREM 5 (Devlin, Prikry). V= L implies [w,]™* is not (2“1, w)-extendible.

In fact, Silver’s W(k) implies that {«,]™ is not («, w)-extendible and so it is
not possible to prove that it is consistent with 2% =8, that [w|"* is not
(., w)-extendible.

Cardinal arithmetic alone does imply a negative result of Sierpinski:

THEOREM 6 (Sierpinski). CH implies [w\]™* is not (w.,w)-extendible.

We conjecture that there are no limitations on a positive consistency result
when A = w beyond that of Theorem 6.
One way of obtaining these results is the following:

LEMMA 13. Let B €[“2]". If there exist g, :2° —2 (a € w:) such that, for any
F€[B]*, there is a € w, such that, for any B=a, gz is not constant on
{f1B:f € F}, then [w:]™ is not (k,w)-extendible.

PROOF. Let A; ={a € w::g.(fla) =1} (f € B). Claim that [w,]™*" cannot be
extended by any infinite set of A,’s. If not, let G D [w\]™ measure A, (f € F)
where F €[B]*. We can assume that either A;€G (fEF) or v,— A/EG
(f €F). There is a € w; such that, for any B=a, g is not constant on
{fip:feF}. If BeN{A;:fEF}, then g(fiB)=1 (fEF). If
B € N{wi— As:f E F}, then g(fIB)=0 (f € F). In either case, B <a and a
countable intersection of elements of G is contained in « which is a contradic-
tion.

PrOOF OF THEOREM 4. Add 2" Cohen reals to any model V of set theory to
get generic objects g, :2° -2 (a € wy), let B = (2N V) and apply Lemma 13. If
F €[B]®, then F is in an extension of V obtained by adding countably many
generic objects. There is a € w; such that, for any B Z a, {fI8:f € F} is an

infinite set in that extension. No g, is constant on an infinite set over which it is
generic.

PROOF OF THEOREMs 5 AND 6. Silver’s axiom W(k) says that there is
B €{*2]* and a function $ with domain w, such that

(1) for each @ € wi, S(a) is a subset of [*2]” of cardinality o,

(2) for each F€E[B]®, there is a Ew, such that, for each B=a,
{f18:f € FYE S(B).

Construct each g, by induction to be constant on no element of S(a) and
apply Lemma 13. CH implies W(w,) and V =L implies W(w,) while the
consistency of the failure of W (w.) with CH can not be proved without assuming
the existence of an inaccessible cardinal.
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It is reasonable to ask whether Theorem 6 can be proved without assuming
CH or, perhaps, by assuming only 2" < 2" The following theorem provides the
answer to these questions.

THEOREM 7 {Miller and Velickovic). It is consistent with any cardinal
arithmetic in which CH fails that [,]™“" is (o, w)-extendible.

PROOF (see p.289 A10 of [12]). Start with any model V and iterate C.C.C.
forcing with finite supports . times to form M, (a =w,). U. will be an
ultrafilter on P(w) in M,. M, ., is obtained by adjoining to M, an a, Cw with
(Vx € U,)|a. — x| < w. Claim that [w,]™ is (o, w)-extendible in V[G]. Let
{A, :n € w}be afamily of subsets of w,. {A, : n € w} can be coded by a subset of
w; and so there is a € w, such that {A,:n € w}EM,. Let {B,:yE wi} be a
family of subsets of w defined by n € B, iff y € A,. U, measures each B,. We
assume that, for each y € w,, B, € U,. Therefore, for each y Ew,, a. — B, €
[w]™. There is F € [@]™ and X € [w]* such that y € X implies a, — B, € F.
Foreach vy€ X, B, Da. —F and so, foreach n€w—F, A, D X.

This yields an application to set-theoretic topology which requires the
following definition: X C 2 is an HFD if and only if for each X € [X]" there is
¢ € o, such that for each f € U{"2:T € [w,— £]™} there is g € X such that
fcsg

The next proposition shows that it is possible to obtain a model where 2% < 2"
and there is no HFD. (It is still not known whether 2 < 2" implies that there is
an S-space.)

THEOREM 8. If [w:]™ is (x,No)-extendible then there is no HFD of size .

ProoF. Let{f,:n € k} C“2. Choose J a g-ideal extending [@,]™™ such that
there is some I' € [k | such that for £ €T, {f;{0}, f¢'{1}} N J# 0. Without loss of
generality assume that for ¢ €T, f;'{0} € J. Since J is countably complete, for
each B € w, there is @ € w, — B such that

a € N{f {1} £€T).

Hence {f;: £ €T} is not an HFD and so neither is {f,;n € k}.

Since W (k) implies the failure of the (w., »)-extendability of {w,]~ and the
consistency of the failure of W(w,) requires an inaccessible cardinal, it is
reasonable to conjecture that the existence of an inaccessible cardinal implies
the consistency of the (w;, w)-extendibility of [w,]™“. The role of w, is crucial
since it will be shown in Theorem 12 that the (w3, w)-extendibility of [w,]™ is
consistent with any cardinal arithmetic and that large cardinals are not needed



Vol. 54, 1986 EXTENDING IDEALS 215

for this result. One might also ask whether the fact that [w\]™ is (w: w)-
extendible implies the consistency of a large cardinal.

The polarized partition relation translation of the question of the (w» w)-
extendibility of [w:]™* was asked by Erdos, Hajnal and Rado in 1965 [7] and
with GCH by Laver in 1980 [14].

These positive consistency results do not differentiate between (w,w)-
extendibility and (w,, w }-extendibility, on the one hand, and (w., » )-extendibility
and (2“1, w)-extendibility, on the other hand. The first is, surprisingly, not a
coincidence:

THEOREM 9. [w\]™ is (w,w)-extendible if and only if [w\]™ is (w1, @)
extendible.

PrOOF. We prove one direction. Let {C,:n € w} be a counterexample to
(w, w)-extendibility and define B, ={n Ew: £ € A, }. Also, let {A, :a € w,} be a
strictly increasing (mod finite) sequence of subsets of w and choose {f, : a € w,}
to satisfy the conclusion of the following lemma:

Lemma 14. If {A,:a € w\} is a strictly increasing (modulo finite sets)
sequence of subsets of w then there is a sequence {f,:a € w\} such that:

0) ifa €Ew, then f, :w—>w, is 1-1,

(1) ifa EBE w, then a C oA, C frAs,

(2) if « € B € w, then there is k € w such that f,[(A. — k) = fa](A. — k).

Proof. If {fs : B < a} are defined, define {f, (n): n € @} by induction upward
on k€ A, List a ={a;;i € w}.

Let P, be the condition: If there is i = n such that k € A,, then let i be
minimal and let f, (k)= f,. (k).

Let Q be the condition: let i be minimal such that f,(I)# a; (I < k) and let
fa(k) = a;. The induction priority is to apply P; to all integers between k;-, and
the least k; > k;_, to which it does not apply and to apply Q to k;

Condition Q is applied infinitely-many times because {A. : a € wj} is strictly
almost increasing and so each P, is applied. For each n, there is m € w such that
{fulAs, — m:i = n} are compatible. Therefore, for k = max{m, k. }, when f, (k)
is decided, P; applies where j = n. If k € A, , then letting i be minimal such that
k € A., k = m implies

fa (k) = fu (k).

Extend f, to domain w arbitrarily.
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CONTINUING THE PROOF OF THEOREM 9. For B E€w, let X;=
{a €w,:f.'(B)E B,}. We show that {X;:B € w,} is a counterexample to
(w1, w )-extendibility. Suppose not, that [ € [w,]* and | N {X, : B ET}| = o, (for
example). Let N{X,:BEI}=S. Then « €S and B €T implies a € X, and
f(B)EB., and a € C.s). Let ap=inf(S—T). By (2), falA.)DT. Let
fo,N (0w XT) = f. For each « € S — T, f, almost contains f. There is an uncount-
able TCS —T and a finite ¢ C f such that « € T implies f, Dg~o. Thena €T
and B € rng(g) implies @ € C(g — o) '(B)andso N{C,:n Edom(g — o)} D T.

This proof shows that the existence of a countable HFD implies the existence
of an uncountable HFD, answering a question of Juhasz.

THEOREM 10.  If there is a countable HFD, then there is an uncountable HFD.
ProOF. The proof is similar to the proof of Theorem 9.

Note that the translation of this result into polarized partition relations is a
new resuit.

What about positive consistency results when A is uncountable?

One positive consistency result is a consequence of Lemma 12 and a result of
Laver [13]:

THEOREM 11 (Laver). If it is consistent that there is a huge cardinal, then it is
consistent that GCH holds and [w,]™" is (w2, w2)-extendible.

More generally, if it is consistent that there is a huge cardinal and if « is a
regular cardinal, then it is consistent that GCH holds and [« *]™" is (« ",k ™")-
extendible.

A positive consistency result without the assumption of large cardinals is:

THEOREM 12. If N, Cohen subsets of w, are added to a model of GCH, then
[@:]7 is (ws, ws)-extendible.

PrOOF. Let P = Fn(ws,2, ;). CH implies that no cardinals are destroyed in
the extension V[G]. Let t be a name, as defined in [12], and p a condition in G
such that pI-r is a sequence of subsets of w, indexed by w”. Let {n, : @ € w:} be
such that

(1) For each @ € w3, n, = U{{y} X A.(y): ¥ € w1} where, for each y € w,,
A.(v) is an antichain in P, and

Q) pHr ={n.:a € w;}". For each a, let 2, = U{dom"A,(y):y € w:}. Now
[2.| =N, and so 2" = w, implies that we can assume, without loss of generality,
that {3, :a € ws} is a A-system with root A. We can assume, without loss of
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generality, that A = 0 (letting Py = Fn(A,2, @) and P_y = Fn(w:— A,2,w)), |[A| =
N, implies that V{G N P,JE=GCH; we can modify each A, () to be an antichain
in P_y by subtracting conditions which are incompatible with G N P, and
restricting each remaining condition to w;— A; and so work in V[G N P,] with
P_,). We assume, without loss of generality, {n, : @ € w,} are isomorphic. That
is, letting ¢, :3, — @, be an injection, for each a € w,, we assume that
pE A.(y) if and only if poy.' oy € Ag(y) whenever a € w,, 8 € ws, and
Y € w, (there are N, possibilities). If there exists g = p, a € w: and B € [w,]*
such that qIF“B C n,” then assume, without loss of generality, that dom(q)C
dom(p) U X.,. Any condition below p may be extended to force B Cns and this
implies that p forces that, for Nx-many B, B Cng as required. Otherwise p forces
that no n, contains an uncountable set in V. That is, for each g = p and a € w,,
there is B(a,q) such that, for each y > B(a,q), there is r =g such that
ri-y & n,” (we can assume, without loss of generality, that dom(r) Cdom(q)U
2.). Fix € [ws]”. Whenever B € w, and q = p, we can find y > 8 such that
y>p(a,q) for each a €€, and so there is r=gq such that
rky € N{w — n, :a €Q}". This implies that pl-| N{w,—n,:a €Q} =N
as required.

Since Theorem 9 shows that as far as [w:]™ is concerned, there is no
difference between (w,, w)-extendability and (w, w)-extendability, it might be
tempting to conjecture that there is also no difference between (x,w)-
extendability and (x',w)-extendability, or perhaps even between (2" w)-
extendability and (o, w )-extendability. The next result shows that this is not so.

THEOREM 13. It is consistent with any cardinal arithmetic in which 2° = w,
that [w,]™" is (ws, w)-extendible but not (w,,w )-extendible.

ProOOF. Add Cohen subsets of w; to a model of V = L, and apply Theorems 5
and 12.

B. Velickovic has noted that by starting with a model where W («) hold and
adding k * Cohen subsets of w,, it is possible to get (k *, w )-extendability without
(x, w )-extendibility.

QUESTION 4. Does the (w,, w,)-extendibility of [w,]** imply the consistency
of large cardinals?

Establishing the consistency of (w, w,)-extendibility seems to be difficult.
Todorevi¢ has noticed the following:

TreoreM 14 (TodorCevi€). [w)]™ is (w1, w))-extendible iff w\— (w1;w) ).
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We need a definition to understand this: @,— (w,; »,); if and only if, for every
F:[w/]'— 2, there are uncountable subsets of w, A and B and i € 2 such that, if
a €A and BE B and a > 8 then F{la,B}) =1

PROOF OF THEOREM 14.  First suppose that w,— (v, ;w\):. Given {A, : @ € v}
subsets of w,, define F({a,B})to be 1 if @ € A, and 0 otherwise. Then find A, B
and i satisfying the definition of the partition relation. If i =1, then for any
YyEw,A~yCN{A;:BE BN y}and hence {A, : B € B} generates a counta-
bly complete filter. If i =0, then {w,— Az :B € B} generates a countably
complete filter.

Now suppose that [w,]"* is (w,,w)-extendible and let F:[w,]’—2. Let
A, ={B € w,: F({e, B}) = 1}. Let B € [w,]* be such that either {4, : a € B} or
{w,— A, :a € B} generates a countably complete filter. Define B € [B]",
A €E[w|" inductively so that « €A implies a« € N{A,:BE B Na} (or
a€EN{w—As:BEBNa}). If a €A, BEB and a > B then BE A, (or
BEZ A,) and F({a.B}) =1 (or F({a,B}) = 0).

In December 1984 Todorcevic announced:

THEOREM 15 (Todorcevic) (ZFC). [w,]™ is not (w;,w))-extendible.

There are many other open questions on the (x, A)-extendibility of [w,]
when A is uncountable but we content ourselves with:

QuEsTION 5. Does the fact that [w,]™" is (w3, w1 )-extendible imply that [e,]"
is (w-, w,)-extendible?

Section Three: Arbitrary o-ideals

Moving from the specific to the general, we continue with an analysis of the
(x, A -extendibility of arbitrary o-ideals. There are no positive consistency
results here at all!

THEOREM 16. ZFC implies that there is a o-ideal on 2* which is not (2°°, w)-
extendible. In fact a stronger result is true: ZFC implies that, for each cardinal
which is such that k* = «, there is an ideal on k which is not (2", w )-extendible.

PROOF. «k“ = k implies that there is D C2% which has size x and is a dense
subset when %“2 has the G;-topology [5].

Since every set of measure 0 is contained in the countable union of sets of the
form {f €“72:f D g} =[g], where g is countable and infinite, a diagonalization
argument shows that if X has measure zero then there is a countable and infinite
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g such that X N[g]=. Since [g] is a G;-set it follows that D cannot have
measure zero. Therefore, if I ={X N D : X C2%” and X has measure zero}, then
I is a countably complete ideal on D. Let A, ={f € D : f(a) =i} for « €2 and
i €2. By the density of D, a # 8 implies A\ # A}. For any subset I' €[2*]* and
h:T—>2, N{A}”:y€T}ET and so {AL:a €2°} witnesses that I is not
(2", w)-extendible.

There are at least two possible directions in which to continue:

First, we can examine the (k, A )-extendibility of specific ideals such as [p]™"
and, second, we can examine the (k,A)-extendibility of restricted classes of
ideals.

The second of these directions can be realized in the investigation of two
questions. The first is motivated by trying to avoid Theorem 16 by restraining the
cardinality of the underlying set:

(1) When is an arbitrary o-ideal on a set of cardinality less than 2
(x, A )-extendible?

The second is motivated by trying to avoid Theorem 16 by prescribing a
greater completeness.

(2) When is an arbitrary p-complete ideal (x, A }-extendible?

Section Four: [2“]*"

With the first direction in mind, we conclude with an analysis of the specific’
question: When is [2°]"*"" (k, A )-extendible?

To simplify the discussion, we avoid the pathology of cardinals of countable
cofinality by assuming the singular cardinals hypothesis.

First, cardinal arithmetic implies a positive result:

LemMA 15. If 2% <2, then [2*]**"' is (u, p)-extendible whenever u < 2.

Second, when 2 =2, we have the strong negative consistency result
mentioned in the remarks following Theorem 4: It is consistent with any cardinal
arithmetic in which 2 =2 that [2]"*"' is not (2', w)-extendible.

This is not the strongest possible negative consistency result and so we have:

QuEsTION 6. Does ZFC imply that [2*]*"" is (2%°”, w)-extendible?

Third, when 2“ = @, and 2 = w,, we have the weak negative consistency
result:

THEOREM 17. It is consistent with 2° = w, and 2* = w, that [2°]">"' is not
(24,2")-extendible.
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This follows from the following more general result which is new when
2% < 2%

Suppose « and A are regular cardinals and x < A. Then it is consistent with
ZFC that [«]™ is not [k ",k ]-extendible and 2" =27 =k and 2" = A.

Proor. Let VE“MA and 2% = k and 2“ = A”. Define a partial order P by
p € P if and only if p = (A% {f% a € AP}, €") where

(1) A" €[]

(2) if a € A® then f5: A7 —2;

B) 67| <xk;

@) if (g, X)Ee €*

(a) the order type of D(g) is a countable limit ordinal,
(b) D(g)C A",

() g"D(g)C2,

@) U{(f) {g(B); BED(gR=A"-X,

() XC(UD(@g)NA”

The ordering on P is defined by p = q if and only if:

(5) A* DAY

(6) €" 2 €";

(7) if a € A then fA7 = fI.

Clearly, (P, =) is x-closed. Since, in the ground model, 2 = k, the A-system
lemma can be applied. Hence, to show that (P,=) satisfies the «*-chain
condition, it suffices to show the following:

(8) if ®: A”—> A? is an isomorphism of p and ¢ such that ®[A” N A7 is the
identity map and U(A* NAY)E N(A°—A% ) and UAPE NAT- AP
then p and ¢ are compatible.

In order to prove (8) suppose that p,q and ® are given. Let A" = A” U A? and
€' = €° U €°. Functions {f.;a € A"} must be defined so that f,:A"—2 and
fa2 fRUfi for each « € A". Furthermore, the function f, must be defined so
that if (g, X) € €°A%" then U{(f.)"{g(a)};a € D(g)} = A" — X. Note that this
will automatically hold if (g, X) is in € N 4°.

To construct the functions f. let

D(g)-A? if (g X)E 4° — %",
S X)=
D(g)-A" if (g X)E %' —¢".

Note that if (g, X)€ €°A%° then D(g)Z A" N A® for otherwise, by (4e),
D(g)UX C AN A’ and hence, by the properties of ®, (g, X)€ ¢° N €“.
Therefore, by (4a), |S(g, X)| = Ro.
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Now let A=(A*X(A?-A)DU(A°X(A"-A")) and let Q=
U {"2;T € [A]™}. Under reverse inclusion Q has the countable chain condition.
therefore, since MA holds, it is possible to find h €2 such that:

(9) if @ € A® and (g, X)E € then there is B € S(g, X) such that h(a,B8)=

g(B);
(10) if «a € A? and (g, X) € €” then there is B € S(g, X) such that h(a,B)=
g(B).

Now define
foUl(a,h(a,B));a €EAT— A"} i BEA°-AT
(11) fe=q fiV{(a k(e B)a €EAT - A"} if BEA'- AP,
BUf3 if BEAPNA"

Let r=(A"{fi;a € A}, €"). It suffices to check that (4d) is satisfied by r. Let

(8 X)E€'—%" and a €A" — X. If « € A’ then there is § € D(g) such that

a € (f)) '{g(8)} and hence a E(f;) {g(6)}. If « € A® — A choose, using (9),

B € S(g, X) such that h(a,B)=g(B). Then fy(a)= h(a,B) by (11) because

a €EA®— A" Hence a €(f;) {g(B)}. A similar argument for the case when

(8 X) € €7 — € finishes the proof that (P, = ) satisfies the k “-chain condition.
Now let G be (P, = )-generic over V. Let

f=U{ffs;pEGanda € A*}.

It will be shown that {f.'{1};a € x*} witnesses that [«*]** is not (x*, k")
extendible. Suppose that p € P and phH“X €[«x*]*" and g € *2”. It must be
shown that there is ¢ =p and I' € [« and Z € [«*]™" such that

qr“ZUuu{f.{g(a)};a €THh=«k"and' C X",

To this end, use the k-closure of (P, <) and the fact that pI-“X € [«*]*" to find
r = p such that:

(12) if a € A" then rF“a € X” or rit“a & X’;

W) {a €EA";ri“a € X’} is cofinal in A";

(14) if rt“a € X then rit“g(a)=0" or ri-‘g(a)=1".
Using the w;-closure of (P, =) it is possible to insist that the order type of A" is a
limit ordinal of countable cofinality.

Define a function g* so that D(g*) is a countable and cofinal subset of
{a EA";rHa € X’} and such that if a € D(g*)then rk“g(a)= g*(a)’. Let

q=(A"{f,a €ATLE U{(g*, A"



222 I. STEPRANS AND W. S. WATSON Isr. J. Math.

It is easy to check that ¢ € P and q = r = p. But, since (g*,A") € €', it follows
that

qrATU(U{f.{gl@)ha €D =x"".

Furthermore, qF*D(g*)C X and hence g is the desired condition.
This leaves:

QuesTion 7. Is it consistent with any cardinal arithmetic that [2*1]***" is not
(2*1,2*1)-extendible?

And, for example, in general,

QuestioN 8. Does ZFC imply that [«]™ is (2",2%)-extendible whenever
2% > 27

Fourth, we have some positive consistency results:

THEOREM 18 (Laver). If it is consistent that there is a huge cardinal, then it is
consistent that GCH holds and [2]°%" is ((21)",(2*)")-extendible.

THEOREM 19. If it is consistent there is a weakly compact cardinal, then it is
consistent that CH holds and [2*]°%" is (2*,2*')-extendible.

PROOF. Let P, = U{"2;I"€[£]%}. The ordering on P; is reverse inclusion. If
VE“2%=N," and G is P.-generic over V, where « is weakly compact, then
V[G]“2" =« and 2%=N,". It suffices to show that [2]<%" is (2",2")
extendible in V[G]. Now suppose that V[G]“{A.;a € k} witnesses that [« ]™"
is not (k, k)-extendible”. It will now be shown that there is C € [«]* in V[G]
such that C is closed under increasing sequences of uncountable cofinality and if
a € C and cf(a)> o then {Az Na;B € a} has the following property:

there is B C-a such that foreachI' € [a ],
1
M (Ule—A,;yel'-BYU(U{A, Na;y ETNB})Z B forany a — B.

To see this define h : «k X [k]" X [«]"— « such that h({, B°, B") is a member of
(k=)= ((U{a —As;BE€BHU(U{a N As; B € B'})) whenever

k={Z(U{a~-As;BEBHU(U{a N Ap; B EBY)).

Let C={a € k;cf(a)> w and h"(a X[a]* X [a]*)C a}. Then if « € C define
B={¢(€a;af A¢}. To see that B has the desired property suppose that
I'€[a]®. Let B € a. Then, by the definition of B,

BZ(U{a—A,;yel-BYHu(U{aNA,;yETNBY).
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Then, by the definition of C,
h(BI'-BI'NB)Ea

and h(B,I'— B,I'N B) does not belong to

(U{la—Ay,;yelr-Bhu(UlenA,;yETNBHUB

which shows that (1) holds.

Since P, satisfies the N,-chain condition, C contains an unbounded set in the
ground model which is closed under increasing uncountable sequences. Hence,
without loss of generality, it can be assumed that C € V. Let Ag C k X [P.]™ be
a name for A, Because of the N,-chain condition it can be assumed that
é‘.’ C V.. Then

- (Vi Po{Agi B € kDR(YX C & X [P]™)

(VY Ck X[P]J™)[(Vp €P)(phr“X €[], Y E[k]* and X N Y =0")

implies (A € [«[*)(3g € P.)Ay Ex)(Vn Ex —y)(@B ET)(q =p and
gk, “TC X U Y and (n € A if B € X) and (n€ A, if BE€ Y)")].

It is easy to check that the expression in (2) involving I can be replaced by first
order expressions in the language of the mode!

(Vo Po{As; B € k}).

Hence the entire expression in square brackets is first order with respect to this
language. Hence, since « satisfies the ITi-reflection property, it is possible to find
A € C such that

(Vi Piu{As N(A X[P]™); BEANE(YX C A X[P]™)
(VY CAX[P]™)[(Vp €E P)ple“XEAYE[A] and X N Y =07)
implies AT €[AT*)(3g € )@y EX)(VnEAX —y)@AB ET) (g =p and
qtrp, “TC XU Y and (n € As N (A X[P.]™9)if B € X) and
(€ As N(A X[P]™)if B € Y)))).
In particular

() VIG N PIE“{As N A;B € A} witnesses that [A]** is not (A, A )-extendible”.
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But by (1)
VIGNPJE“@BCA)NVTEMT)VBEN)(U{A—A,;yET-B})
U(UANA,;yEBNTHY)BA-B".

But since P, is countably closed and satisfies the N,-chain condition it follows
that

V[G N P, ]=“there is a P,-name such that
@) ke, “(VT € [AT9)(VB € A)(U{A — A,;y ET - B})
U(UANA,;yEBNTHB A - B)".
But V[G NP J=*2%" =N, and 2" = 1. Hence
VIG NP, JE“P, ={Q,; £ € v} where each Q; is o-directed”.
Therefore there is, in V[G N P,], B*€[A] and 1 € w, such that
V[G N PJE“(VB € B*)@ps € O,)(palks,“B E B or ps s, “BE B”)".

Now let X ={BE€B*pkn“BEB”} and Y ={BEB*;psks “BEZ B"}.
Clearly {X, Y}C V[G N P,] and X N'Y =0. But by (3) there is I' € [B*]* and
£ € A such that

(UfA-A,;y€ETNXPUUA N A,;y ETN YHDA\E
Choosing g € P, such that (YA €T)(qg D p,) yields a contradiction to (4).

QUESTION 9. Does the consistency of the (2*,2“)-extendibility of [2“]<*"
imply the consistency of the existence of an inaccessible cardinal?

Todorcevi¢ has subsequently proved in [19] that Theorem 19 can be obtained by
adding weakly compact many Sacks subsets of w, (see comment at the end of
claim 3 in section 2 of his paper).

Todorcevic has also obtained (see property (3) of section 2 of [19]) by adding
weakly compact many Sacks reals:

TueoreM 20 (Todorcevi€). If it is consistent that there is a weakly compact
cardinal, then it is consistent with 2° =2* that [2°]°%" is (2*,2“)-extendible.

ProOF. (Let A =2 where x =2“ in aforementioned property (3).)

COROLLARY. If itis consistent that there is a weakly compact cardinal, then it is
consistent that every 2“-completable ideal is (2°1,2“')-extendible.
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Proor. Let I be an ideal and let {A,:¢&E2*} witness that [ is not
(2*1,2")-extendible. Whenever X and Y are disjoint countable subsets of 2, let
BX€E I be such that

BXUU{A:éeXlUU{UD-A,:¢€Y}=UI

if possible. Then {A, : ¢ € 2"} witnesses that the ideal generated by the B is not
(2*,2*)-extendible. We assume therefore that I has 2”-many generators. There
is a set B of positive measure which is such that |B N A | <2 for each A € I
An application of Theorem 19 to the restriction of I to B completes the proof.

LEMMA 16. If each p-completable ideal with «“-generators is (x,A)-
extendible, then every p-completable ideal is (k,A)-extendible.

Tueorem 21 (Kunen). It is consistent with any cardinal arithmetic that
[2“1°%" is (w, w)-extendible.

ProoF. (See p. 289 A10 of [12]). It is consistent with any cardinal arithmetic
that there is an ultrafilter U on w of character w,. Let {A, : ¥ € w,} be a base for
U. Let{B, :n € w} be a family of subsets of 2“i. Let {C, : « € 2’} be a family of
subsets of w defined by n € C, iff a € B,. Assume that there is X € [2°']*" such
that @ € X implies C, € U. cf(2*)> w, implies that, without loss of generality,
there is ¥ € w, such that « € X implies C, D A,. Foreach n € A,, B, D X as
required.

The authors thank B. Velickovié, A. Miller, S. Todoréevi¢ and the referee for
enabling us to renumber many questions as theorems.

We conclude with the general question of “third order” extendibility: When
does a o-ideal I have the property that any family of x sets has a subfamily of
A-sets, any u-many of which can be measured by a o-ideal which extends I?
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